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ROTUNDITY IN LEBESGUE-BOCHNER FUNCTION SPACES
BY
MARK A. SMITH AND BARRY TURETT

ABSTRACT. This paper concerns the isometric theory of the Lebesgue-
Bochner function space LP(u, X) where 1 < p < 0. Specifically, the ques-
tion of whether a geometrical property lifts from X to L?(p, X) is examined.
Positive results are obtained for the properties local uniform rotundity, weak
uniform rotundity, uniform rotundity in each direction, midpoint local
uniform rotundity, and B-convexity. However, it is shown that the Radon-
Riesz property does not lift from X to L?(p, X). Consequently, Lebesgue-
Bochner function spaces with the Radon-Riesz property are examined more
closely.

1. Introduction. Frequently in the literature authors have proved theorems
stating that the Banach sequence space /?(X) has a certain geometric prop-
erty exactly when the Banach spaces X and /? have that same property [1], [4],
[5), [11], [13], [18], [25]). Less frequently, however, do authors consider the
corresponding question for the Lebesgue-Bochner function space L?(pu, X)
(see [3] for a discussion of this space). Although most people are willing to
believe an affirmative answer to such a question, the proof of such a response
is often nontrivial. In 1941, Day [4] proved that L?(p, X) for 1 <p < oo is
uniformly rotund whenever X is uniformly rotund by defining an embedding
from the simple functions of L?( g, X) into the space /P(X) and then applying
the corresponding result that he proved for /P(X). Subsequently, McShane
[14] gave a direct proof of Day’s result. It is well known [S] and much more
easily proved that an analogous theorem holds if uniform rotundity is
replaced by rotundity (strict convexity).

In this paper, theorems of the same ilk are obtained for several convexity
properties that lie in strength between uniform rotundity (UR) and rotundity
(R) as well as for some other geometrical notions. In particular, if X is locally
uniformly rotund (LUR) and 1 < p < oo, it is shown that L?(p, X) is also
locally uniformly rotund. This answers a question posed to us by J. Diestel.
Similar theorems are obtained for X weakly uniformly rotund (WUR),
uniformly rotund in every direction (URED) or midpoint locally uniformly
rotund (MLUR). To avoid confusion, the relative strengths of these distinct
rotundity notions are given in the chart below where an arrow denotes
implication.
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All of these properties are known to carry over from X to /P(X) for
1 <p < oo. However, neither Day’s embedding argument nor McShane’s
proof for the uniform rotundity case seems adaptable to prove the theorems
concerning these generalizations of uniform rotundity in L?(p, X). Here, a
technique is presented that with the appropriate modification of details yields
the proofs of all four of the theorems indicated above. But it should be noted
that this technique does not seem adaptable to prove Day’s result.

In contrast to these positive results, an example is given of a reflexive
Banach space X with the Radon-Riesz property, called property (H) in Day
[6, p. 146]), for which L?([0, 1], A, X) fails to have the Radon-Riesz property
for each 1 < p < oo. This answers a question posed by E. Leonard [11, p.
256]. This result deviates from the pattern set above since it is known that if X
has the Radon-Riesz property, then /”(X) for 1 < p < oo also has the
Radon-Riesz property [1], [11]. Consequently, Lebesgue-Bochner function
spaces having the Radon-Riesz property are examined more closely.

Finally, it is shown that if X is uniformly non-/!(n), then /?(X) and
L?(p, X) are also uniformly non-/'(n). This result generalizes the known
theorem, due to T. Figiel [17], that /’(X) and LP(p, X) are B-convex
whenever X is B-convex.

It should be noted that if LP(p, X) has a property inherited by subspaces,
then both X and L?(p), each being isometrically isomorphic to a subspace of
L?(p, X), necessarily have that property. Since LP(p) for 1 <p < oo is
uniformly rotund, it has all the geometrical properties examined in this paper
and so the problems considered here are ones of lifting a geometrical property
from X to L?(u, X).

The authors wish to thank Professors L. Dor, T. Morley and J. J. Uhl, Jr.
for some helpful comments.

2. A Banach space X is said to be locally uniformly rotund [13] if, for each
€ > 0 and each x € X with ||x|| = 1, there exists 6(x, €) > 0 such that if
Y € X with ||y =1 and ||x — y|| > ¢, then ||3(x + »)|| < 1 — 8(x, ¢). In
order to characterize locally uniformly rotund Lebesgue-Bochner function
spaces, an equivalent form of this definition is needed.

LEMMA 1. A Banach space X is locally uniformly rotund if and only if, for
each ¢ > 0 and each x € X with || x|| = 1, there exists §'(x, €) > 0 such that if
Iyl K 14+ 28'(x, €)and ||x — y|| > &, then ||%(x + )| <1 —8(x,eé).

PROOF. Assume X is locally uniformly rotund, and let e >0 and x € X
with ||x|]| =1 be given. Let 8(x, e/2) be the number guaranteed in the
definition of a locally uniformly rotund space and set 8'(x, &) =38(x, £/2).
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If y€X and |y|| <1 - 26(x,¢), then |lx + y|| < |ix|| + [y| <
2(1 — &8'(x, ).

So consider the case |1 — ||y|| | < 26'(x,¢) and ||x — y|| > & Let z =
Y/Iyll. Then ||z = y|l = |1 = |yl | <8(x,¢/2). Also ||x — z|| >&/2. (In-
deed, if |[x — z|| <&/2,thene < ||x — y|| < (e/2) + 8(x, ¢/2) < 3¢/4 since
8(x, e/2) < e/4.) Hence, since X is locally uniformly rotund, ||x + y|| < ||x
+z|| + |ly — z|| <201 — 8(x, €/2)) + 8(x, €/2) = 2(1 — 8'(x, ¢)).

Since the sufficiency is clear, the proof of the lemma is complete.

The first theorem characterizes locally uniformly rotund Lebesgue-Bochner
function spaces over finite measure spaces. Its proof will serve as a model for
later proofs.

THEOREM 2. Let (S, 2, u) be a finite measure space. If X is a locally
uniformly rotund Banach space and 1 <p < oo, then LP(p, X) is locally
uniformly rotund.

Proor. For convenience, assume u(S) = 1. The proof for general finite
measure spaces requires only minor modifications.

Let ¢ > 0 be given and suppose f is a norm-one function in L?(u, X). Since
IA)IP € L'(p) there exists a with 0 <a < 1 such that if 4 € with
m(A4) < a, then || fx,|l, < &/16. Choose M > 1 such that the set F = {s € S:
M~! < || f(s)|l| < M} has positive measure and p(support f \ F) < a /2. Now
choose m > M such that 1/m <¢/16 and the set E = {s € F:
S'(f()/ 1 f(D|l, ¢/4M) > M/ m}, where 8’ is given in Lemma 1, has positive
measure and p(support f \ E) < a. Set n = (au(F))'”?/m and note 0 < 1 <
1/m.

Letgin L?(p, X) satisfy || g||, = 1 and || f — gl|, > e.

If JIALACON — 118(C)IDI, > m, then since LP(y) is uniformly rotund there
exists 8(n) > 0 such that | f + g||, < |I(LAC)I + [18CHDI, < 2(1 — 8(n))-

Now consider the case ||(| f(-)Il = [|g()IDIl, <u.Let G = {s € E: |(| A9
= || g(s)Il)] < 1/m}. Note u(E \ G) < a since otherwise, by the definition of
G,

NCAAON = 18D, > NALLON = 118 DX,
>WENG) P /m>a'?/m >,

a contradiction. From this and since p(support f \ E) < a,

I fxenall, < e/16 and ||fXS\E||p <e/l6. 1)

If || gxs\ell, 2 /4, then, by (1), (18Il = IA)Dxs\ell, > | 8xsnell, —
lfxs\ell, > 3¢/16 > 7, again a contradiction. Therefore || gxs\gll, <¢e/4
and hence by (1)

(f - g)XS\E"p < Se/16. ¥)]
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Now if ||(f — 8)xs\6ll, > €/2, then, from (2) and the triangle inequality,
Ifxe6llp + 1 8xerell, > I1(f — 8)xenall,
= |I(f - &xs\¢ — (f — 8xs\ell, > 3¢/16

and hence, by (1), || 8xz\qll, > &/8. This implies [|(]l ()| — Il A)IDxzr6ll,
> |l gxe\6ll, — lfxe\gll, > /16 > m, a contradiction. Therefore ||(f —

8xs\qll, <¢e/2and so
I(f = &)xsll, > &/2. G)
Let B = (s € G: || f(s) — g(s)|| > ¢/4}. Then u(B) > a since otherwise, by
(3) and Minkowski’s inequality,

e/2 < |I(f - &)xqll,

<[ S 150) = st e + | 16) - s |
B G\B

<[ fwson + nseny g + f (5 anto)]”

<[ /. (2150 + =) dute) + [ (Y d“(s)]-/p

<[ f (2w + du(S)] [ [ (5 o]
<2l fxsll, + r(B)'/?/m + ep(G \ B)'/"/4
<e/8+¢/16 + ¢/4,

a contradiction.
Now, from the definitions of B, G and E, for all s € B,

) 8(s) [ e e
TOIRTON LA
and
|| £) | 1A+ 1/m
O 0]

M [_S(s) e
Sl+o< '”(uf(s)u’ 4M)‘

Therefore by Lemma 1 fors € B
If(s) + g(s)ll < 2(1 — M/m)|| f(s)Il. @
Also, fors € B C G, || fis)ll — llg(®)ll < 1/m < M| f(s)||/m and hence

(1= M/m)|f(s)Il < Nl g()Il- ®)
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From (4), (5) and Minkowski’s inequality,

If+ gll, < [ fs , (LTI + 18I dis)
» 1/p
+ (21 - e o)
<[ [, W a) + [ (1= E s d#(S)]w

u 1/p
+[fs\3" g()II? du(s) +fB(l - —fni) IFC)IP dp.(s)]

< [ufuz - L= (1 -m) e dn(s)]'/' +lgll,

m
<[1-(-@0-M/mP)a/M?]V? + 1.

Note that 1 — (1 — M/m)? > Osincem > M.

Thus, in either case, the norm of the midpoint of f and g is bounded by a
number less than one and independent of g. This completes the proof of
Theorem 2.

A different sort of generalization of uniform rotundity is weak uniform
rotundity. A Banach space X is said to be weakly uniformly rotund [20] if, for
each ¢ > 0 and each x* € X* with ||x*|| = 1, there exists §(x*, €) > 0 such
that if x and y are in X with ||x|| = |y]| =1 and x*(x — y) > ¢, then
I3(x + »)| < 1 — 8(x*, ). The next lemma is similar to Lemma 1 and
therefore its proof is omitted.

LeMMA 3. A Banach space X is weakly uniformly rotund if and only if, for
each norm-one x* € X* and each ¢ > 0, there exists 8'(x*, €) > 0 such that if
Xl =1, ¥l < 1+ 28°(x* €) and x*(x —y) > e, then |3(x + y)| < 1 —
8'(x*, ¢).

From the definition it is clear that a discussion of weak uniform rotundity
in a space is facilitated by some knowledge of its dual space. In order that the
dual of the Lebesgue-Bochner space L?( u, X) be tractable, in Theorem 4, X*
is assumed to have the Radon-Nikodym property with respect to p. It is well
known (see [7, IV. 1.1]) that for (S, 3, p) a finite measure space and
1 <p < oo, the dual of L?(p, X) is LY, X*) where p~' + ¢! = 1 if and
only if X* has the Radon-Nikodym property with respect to p.

THEOREM 4. Let (S, 2, p) be a finite measure space. If 1 <p < o0 and X is
a Banach space that is weakly uniformly rotund and whose dual space X* has
the Radon-Nikodym property with respect to p, then LP(p,X) is weakly
uniformly rotund.
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PrOOF. Again assume u(S) = 1. Let H € L?(p, X)* = LI p, X*) be of
norm one and let ¢ > 0 be given. Since || H(-)||? € L'( ) there exists a with
0 <a <1 such that if u(4) <a for 4 € Z, then ||Hx,||, < &/16. Choose
M > 1 such that the set F = {s € S: M~! < ||H(s)|| < M} has positive
measure and p(support H \ F) < a/2. Now choose m > M such that the set
E = (s € F: §'(H(s)/|| H(s)||, ex'/? /4'*1/?M) > 1/m}, where §' is given in
Lemma 3, has positive measure and p(support H \ E) < a. Set 7 =
e(au(F))"/? /16 Mm.

Let fand g in L?(p, X) satisfy || f||, = || gll, = 1 and H(f — g) > &.

As in Theorem 2, if ||(J| ()l — |8(-)IDIl, > m, then the uniform rotundity
of LP( ) forces the norm of the midpoint of f and g to be less than 1 — 8(n).

So assume ||(l f(-)Il = 1&()IDIl, <=u. Define G = {s € E: |(|fs)|l -
|| g()I)| < e/16 Mm}. Note that u(E \ G) < a. Therefore by the choice of

fs o HOLI) = 8(5)] du(s) < 1 Hxsrall IS = 8)xsvally

< (I1Hxs\ellg + 1 Hxengll )N, + 1 2ll,)
<e/4.
Hence since H(f — g) > ¢

JLHOLS6) = 5(5)] dus) > e/2 (1)

Define P = {s € G: H(s)[f(s) — g(s)] » ¢/4)}. Then p(P) > a since other-
wise by (1)

3 < LHOLA) = £6)] du(s) + [ HO[s) = 2()] du(s)

< [[Hxpll,(Ifll, + lgll,) + en(G \ P)/4 < 3¢/8.
Also for each s € P

If > e/16M @
since otherwise there exists s € P C G C F such that ¢/4 < H(s)[f(s) —
8(s)] < MQ||f(s)|| + /16 Mm) < 3e/16.

Finally, define B = {s € P: || f(s)|| < (4/«)"/?}. Then w(B) > a/2 since
otherwise w(P \ B) > a/2 and hence 1 > || fxp\sll, > 4u(P \ B)/a)'/? >
21/p,

Now, from (2) and the definitions of B, P, G, E, and F, for eachs € B

Hs) [ f) _ 8(s) ]> ea'/?

IHOI | LN AN |~ a1+ep

and

"ll_igﬁ <t 8'( HOT 41?'2’1‘4)‘

Therefore by Lemma 3 fors € B
If(s) + g()Il < 2(1 = 1/m)|| f(s)]|- 3)
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Also, fors € B C G, || f(s)ll — |l &)l < || f(s)|]/m and hence

(1 = 1/m)|| f(s)Il < lIg()II- O]
Now, as in the proof of Theorem 2, from (3), (4) and Minkowski’s
inequality,

If+ gll, < [ fs , (FI + 18I du(s)

+f (o1~ %)II/(S)II)F du(s)]w
<[1=(1-(1-1/mf)e/16M Ya/2]'7 + 1.

This completes the proof of Theorem 4.

A natural concern is that the hypothesis that X* has the Radon-Nikodym
property with respect to p in Theorem 4 is restrictive. However, there is no
known weakly uniformly rotund Banach space whose dual space does not
have the Radon-Nikodym property. So perhaps such a concern will be proved
to be unwarranted.

A more general notion than weak uniform rotundity is uniformly rotund in
every direction, a property that characterizes those Banach spaces in which
every bounded set has at most one Ceby3ev center. A Banach space X is
uniformly rotund in every direction [8] if, for each ¢ > 0 and nonzero z € X,
there exists 8(z, €) > 0 such that if x and y are in X with ||x]| = ||y] =1,
lx — y|| > e and x — y = az for some a, then [|3(x + y)|| < 1 — 8(z, ¢). A
theorem analogous to Theorem 2 is obtained below for this geometrical
notion. Since its proof is similar to that of Theorems 2 and 4 some of the
computations in the proof are omitted. Again, before proceeding to the
theorem an equivalent formulation of this property is needed.

LEMMA 5. A Banach space X is uniformly rotund in every direction if and only
if, for each ¢ > 0 and norm-one z € X, there exists 8'(z, €) > 0 such that if
Ixll = 1, |yll < 1 +28°(z, €), x — y = az for some a, and ||x — y|| > ¢, then
I3(x + I < 1= 8z 8.

THEOREM 6. Let (S, =, p) be a finite measure space. If X is a Banach space
that is uniformly rotund in every direction and 1 <p < oo, then LP(p, X) is
also uniformly rotund in every direction.

PROOF. Assume p(S) = 1. Let ¢ > 0 be given and suppose A is a norm-one
function in L?(p, X). Since ||A(-)||? € L'(u) there exists a with 0 < a < 1
such that if 4 € = with p(4) < a, then |lhx,||, < 1/8. Choose m > 1 such
that the set E = (s € support h: 8'(h(s)/||h(s)||, ea'/?/4'*V/P) > 1/m}
satisfies w(E) > 0 and p(support A\ E) < a. Set = ea'/? /16 m.

Let f and g be norm-one functions in L?( pu, X) such that f — g = ¢h.

Suppose ||(Il/C-)Il = 118(-)IDIl, <n. (Otherwise the proof is completed as
before.) Let G = {s € E: |(J| ()|l — Il ()| < e/16m}. Note w(E \ G) < a.
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This and the fact that u(support A \ E) < a imply that ||(f — g)xs\6ll, < €/4-
Therefore since || f — g||, = ¢

I(f — &)xsll, >e/2. M
Define P = {s € G: ||h(s)|| > 1/4}. Then p(P) > a. Also for eachs € P
If(s)Il > e/16. @

Now define B = {s € P: || f(s)l| < (4/a)'/?} and note that u(B) > a/2.
From (2) and the definitions of B, P, G, and E, for eachs € B

o) _ 86) e “ fis) _ _8(s) |, e’
WAE WA WA AN N~ at+re’
and
g(s) [_h(s) _ea’
l 1) |< t+o ( Ol 4'+w)°
Therefore by Lemma 5 fors € B
1f(s) + g(s)ll < 2(1 = 1/m)|| f(s)II. (3)
Alsofors€e BCc G
1 = 1/m)|| f(s)I| < lIg()II- 4)

Now, from (2), (3), (4), and Minkowski’s inequality,
If+gll, <[1—= (1= (= 1/mpP)e/16fa/2]"7 + 1.

This completes the proof of Theorem 6.

Another generalization of local uniform rotundity is midpoint local uni-
form rotundity. This property was introduced in [1] and initially studied as a
candidate for the rotundity notion dual to the smoothness notion of Fréchet
differentiability of the norm. A Banach space X is midpoint locally uniformly
rotund if, for each ¢ > 0 and w € X with ||w|| = 1, there exists 8(w, &) > 0
such that if x and y are in X with ||x|| = ||y|| =1 and ||x — y|| > ¢, then
llx +y — 2w| > 8(w, €). The course should now be clear. A theorem analo-
gous to the ones above can be obtained by the same technique. For the sake
of space, the proof of this theorem and even the statement of the lemma that
reformulates this notion into usable form are omitted.

THEOREM 7. Let (S, =, p) be a finite measure space. If X is a Banach space
that is midpoint locally uniformly rotund and 1 <p < oo, then LP(p, X) is also
midpoint locally uniformly rotund.

The preceding theorems suggest that most rotundity properties carry over
from X to L?(p, X), 1 <p < oo. However, there are geometric properties
that hold for a Banach space X but not for L?(p, X). The Radon-Riesz
property is one such property. A Banach space is said to have the Radon-
Riesz property if every sequence of norm-one elements that converges weakly
to a norm-one element converges in norm (that is, for sequences in the unit
sphere norm and weak convergence coincide). Radon [15] and Riesz [16]
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proved that LP(p) for 1 <p < oo has this property. It is easy to show that
every locally uniformly rotund (and hence every uniformly rotund) Banach
space has the Radon-Riesz property. Also it is immediate that every Banach
space with the Schur property (coincidence of norm and weak convergence of
all sequences), for example, /! or any finite dimensional space, has the
Radon-Riesz property. So in general the Radon-Riesz property does not
imply rotundity.

Although the hoped-for duality for midpoint local uniform rotundity did
not eventuate, Anderson [1] did show that in reflexive spaces the combination
of rotundity and the Radon-Riesz property implies midpoint local uniform
rotundity and is in full duality with Fréchet differentiability of the conjugate
norm.

The next thoerem shows that in the context of Lebesgue-Bochner function
spaces the Radon-Riesz property is a condition stronger than rotundity and
hence this property does not lift from X to L?(u, X).

THEOREM 8. Let (S, 2, n) be a measure space that is not purely atomic and
let 1 <p < oo. If LP(p, X) has the Radon-Riesz property, then X (and hence
LP(p, X)) is rotund.

Proor. If X is not rotund, there exist x and z in X such that ||x|| = ||x *
z|| = 1and z # 0. Let T € = be a set of positive, finite measure that contains
no atoms and let 7, denote the “nth Rademacher function” defined on T
r,(s) = 0 for s € S\ T. For ease, assume p(T) = 1. Now define f, and f in
L?(p, X) by f,(s) = xxg{(s) + r,(s)z and f(s) = xx(s) for s € S. Note that
Ja(s) = f(s) = r,(s)z. Therefore | f|l, = Ifll, = 1 and || f, — fll, = llz|l > O.
The proof is completed by noting that (f,) converges weakly to fin L?(y, X)
since (r,) converges weakly to zero in L?( ).

An application of Theorem 8 with X the two-dimensional /! space yields
the following corollary.

COROLLARY 9. There exists a reflexive Banach space X with the Radon-Riesz
property such that L?([0, 1], A, X) does not have the Radon-Riesz property for
any 1 < p < o0. (A denotes Lebesgue measure on [0, 1].)

Another interesting consequence in the setting of this theorem is that for
reflexive Lebesgue-Bochner function spaces the Radon-Riesz property is in
full duality with Fréchet differentiability of the conjugate norm. This follows
from Theorem 8 and the duality mentioned before it. Note the fact that
L?(pu, X) for 1 <p < oo is reflexive if and only if X is reflexive follows easily
from the statement immediately preceding Theorem 4.

Since both rotundity and the Radon-Riesz property in X are necessary
conditions for L?(p, X) to have the Radon-Riesz property, it is natural to ask
if they are sufficient.

Question 10. If X is a rotund Banach space with the Radon-Riesz property
and 1 < p < o0, does L?( u, X)) have the Radon-Riesz property?
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This question has an affirmative answer whenever X is reflexive. This
follows from the now familiar duality and a theorem of Leonard and
Sundaresan [12] stating that if 1 < p < o0, X and L?(p, X) have or fail to
have Fréchet differentiable norms together. With this as supporting evidence
along with the fact that the combination of rotundity and the Radon-Riesz
property is a condition lying in strength between local uniform rotundity and
rotundity, each of which lifts from X to L?(p, X), an affirmative answer to
this question might be expected. However, as will be shown shortly, an
affirmative answer, even in the case when X* has the Radon-Nikodym
property, has a surprising consequence.

Anderson [1] asked whether the combination of rotundity and the Radon-
Riesz property implies midpoint local uniform rotundity. As noted above, he
obtained a positive answer for reflexive spaces. Smith [19] answered this
question negatively by giving a counterexample isomorphic to /'. In spite of
this example, it is still appropriate to ask for an affirmative response in a
setting less restrictive than the reflexive case.

Question 11. If X is a rotund Banach space with the Radon-Riesz property
and whose dual space has the Radon-Nikodym property, then is X midpoint
locally uniformly rotund?

The next theorem establishes an affirmative response to this question for
Lebesgue-Bochner function spaces. Note that, by a result of Sundaresan [23]
(also see [7, VII. 2.9] and [24]), to assume the dual of LP(p, X) has the
Radon-Nikodym property is no more than assuming its subspace X* has the
same property. Moreover, the theorem gives an unqualified affirmative re-
sponse to Question 11 if Question 10 has a positive answer whenever X* has
the Radon-Nikodym property. Also note the theorem is a strengthening of
Theorem 8 under the restriction on X™*.

THEOREM 12. Let (S, 2, p) be a finite measure space that is not purely atomic
and let 1 <p < 0. If LP(p, X) has the Radon-Riesz property and its dual
space has the Radon-Nikodym property, then X (and hence LP(p, X)) is
midpoint locally uniformly rotund.

The proof of the theorem is expedited by the following characterization of
midpoint local uniform rotundity.

LEMMA 13. A Banach space X is midpoint locally uniformly rotund if and only
if the conditions ||w| = 1, ||lw + z,|| > 1 and |w — z,|| - 1 imply z, — 0.

ProOF. The standard normalization argument shows that X is midpoint
locally uniformly rotund if and only if the conditions ||w| =1, ||x,|| =1,
V4l = 1, and ||x, + y, — 2w|| - 0 imply x, — y, —0.

Now assume X is midpoint locally uniformly rotund and suppose ||w|| = 1
and |[w * z,|| > 1. Let x, = w + z, and y, = w — z,. Then ||x,|| > 1, || y,ll
— land ||x, + y, — 2w|| = 0 and hence x, — y, = 2z, —> 0.

Conversely, suppose |w| = ||x,]| = |ly,l =1 and |x, +y, — 2w| - 0.
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Let z, = x, — w and note ||w + z,|| = 1. Also ||w — z,|| > 1 since |[(1 — ||w
= 2Dl = (174l = 2w = x,ID| < ||x, + », — 2w|l. By the hypothesis it
follows that z, — 0, that is, x, — w. Similarly, letting z, = y, — w, it follows
that y, — w and hence x, — y, — 0.

PROOF OF THEOREM 12. If X is not midpoint locally uniformly rotund, then
by Lemma 13 there exist w and (z,) in X and ¢ > 0 such that ||w| =1,
llw =% z,Jl > 1 and ||z,|| > c. Let T € Z be a set of positive measure that
contains no atoms and let r, denote the “nth Rademacher function” defined
on T; r,(s) =0 for s € S\ T. Again assume u(S) = 1. Define f, and f in
L?(p, X) by f,(s) = w + r,(s)z, and f(s) = w for s € S. It is easy to verify
that || f|l, = 1, || £l, > 1 and ||f, — fIl, > cu(T)'/? > 0. Since the dual of
LP(p, X) is L9, X*) where p~' + ¢~! = 1 and since simple functions are
dense in L(pu, X*), to show (f,) converges weakly to f it suffices to show
{x*xg, [, — f> >0 for all x* € X* and E € Z. But this follows since (z,) is
bounded in X and (r,) converges weakly to zero in L'(u). Hence L?(p, X)
does not have the Radon-Riesz property and the proof of Theorem 12 is
complete.

The final generalizations of uniformly rotund spaces considered here are
uniformly non-/'(n) and B-convex Banach spaces. The notion of B-convexity
was introduced by Beck [2] in order to obtain a strong law of large numbers
for certain vector-valued random variables. A Banach space X is said to be
uniformly non-1'(n) if there exists ¢ > 0 such that for each n elements
Xy ..., X, of the unit ball of X, ||x; *--- xx,|| <n(l —¢) for some
choice of signs. A Banach space is B-convex if it is uniformly non-/!(n) for
some n. The main step of our argument showing that the notion uniform
non-/!(n) lifts from X to L?(p, X) for 1 <p < oo is contained in the
following lemma. If X is one-dimensional, the inequality follows from results
of Sundaresan [21], [22].

LEMMA 14. If a Banach space X is uniformly non-1'(n) and 1 < p < oo, then
there exists a constant a with 0 < a < 1 such that if x,, . . ., x, are elements of
X, then

2n—|

XX xx a
<=l + - - - +lx5)7)

n

2

where the sum is taken over all 2"~ choices of signs.

n

ProoF. For economy of space, denote the sum on the left-hand side of the
inequality by 0. Also assume, without loss of generality, that ||x|| = 1 > || x|
forj=2,...,n. Let e > 0 be the ¢ in the definition of X being uniformly
non-/'(n). Then one of the 2"~! terms in o is less than (1 — &)’. The triangle
inequality and the convexity of the function ®(f) = |¢|” on the other 2"~ — 1
terms then yields the inequality

o< (1—e)+ (27" = D/n)(Ix)llF + - - - +Ix,I17).
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Therefore

¢ < 1—e¢ + 21—
xallP + - Hllx P T+ IxllP + - - - +]Ix|1P n
First consider the case that ||x,||” + - - - +||x,||? > (n — 1)(1 — &). In this
case,

o 1—¢ Al U
< + < .

IxillP + === +HlixlP 1+ (n - 1)(1 - &) n n
Now consider the case that ||x,||? + - - - +||x,||? < (n — 1)1 — ¢). The
function ®() = |¢|? is strictly convex. Thus, if 0 < 5, ..., ¢, < 1 and at least

one of the s is strictly less than 1, then

(1+t2+-~- +1,

n

|
) <;(l+t{+--- +17).

By the compactness of the set {(¢,, ..., %) €[0, 1" + --- +tP < (n
— 1)(1 — ¢€)}, there exists a constant 8 with 0 < 8 < 1 such that

1+ 6,4 +1,)?
( 2 - ") <§(l+t{+~-+t,‘,’)

for each (7,, . . ., t,) in the above set. Therefore an application of the triangle
inequality and the last inequality to the definition of ¢ yields

e 2,_.(1 + el + - -+l )v
n
2n—l
<Z Bt nlt+ - +ixlP).

n
Setting a = max{B, (n/2""'"W(1 — e/ +(n— 1)1 —¢)+ @' -
1)/n)} completes the proof of Lemma 14.
In particular, note the theorem shows (when n = 2) that the property
uniformly nonsquare introduced by James [10] lifts from X to L?(p, X) and
P(X)forl <p < oo.

THEOREM 15. Let (S, =, p) be a measure space. If 1 <p < o0 and X is a
Banach space that is uniformly non-1'(n), then L?(p, X) is uniformly non-1'(n).

PrOOF. Suppose ¢ > 0 is given in the definition of X being uniformly
non-/!(n). Let f,, ..., f, be functions in LP(p, X) with Al <1 for j =
l,...,n. Thenfors € §

s fils) = n *fu(s)
where a is given by Lemma 14. Integrating over S yields I||(f;

* ... 2f)/n|> < 2" 'a. Since the sum contains 2"~ ' terms, at least one of
the terms is less than or equal to a. Therefore L?(p, X) is uniformly

<A@+ 16
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non-/!(n) and the proof of Theorem 15 is complete.

Using a result of Giesy [9] which states that X is not B-convex if and only
if /! is finitely representable in X, Figiel [17] proved the following corollary.
The proof of this result is immediate from Theorem 15.

COROLLARY 16 (FIGIEL). Let (S, =, u) be a measure space. If 1 <p < o0
and X is a Banach space that is B-convex, then L?(p, X) is B-convex.
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